It has been found that the primordial non-Gaussianity of the curvature perturbation in the case of non-Bunch-Davies initial states can be enhanced compared with those in the case of the Bunch-Davies one due to the interactions among the perturbations on subhorizon scales. The purpose of the present paper is to investigate whether tensor non-Gaussianities can also be enhanced or not by the same mechanism. We consider general gravity theory in the presence of an inflaton, and evaluate the tensor auto-bispectrum and the cross-bispectrum involving one tensor and two scalar modes with the non-Bunch-Davies initial states for tensor modes. The crucial difference from the case of the scalar auto-bispectrum is that the tensor three-point function vanishes at the flattened momentum triangles. We point out that the cross-bispectrum can potentially be enhanced at non-trivial triangle shapes due to the non-Bunch-Davies initial states.
I. INTRODUCTION
The validity of inflation [1] [2] [3] is almost beyond suspicion owing to both the theoretical consistency that nicely resolves the various problems in the standard Big Bang cosmology and the observational consistency with Planck and other data [4] . Of particular interest is therefore to know which inflation model is viable among a huge number of possibilities proposed so far. One of the powerful tool for filtering inflationary models is primordial non-Gaussianity of the curvature perturbation, which turned out to be not quite large according to the observed CMB fluctuations [4] and thus helped to rule out various models predicting large non-Gaussianity. Similarly to this scalar non-Gaussianity, the three-point functions involving tensor modes are expected to have rich information about the physics of the early universe and the interaction between gravity and the inflaton.
The inflationary perturbations have been studied mainly by assuming the Bunch-Davies initial state [5] . However, in principle, the initial state is not necessarily given by the Bunch-Davies one, and the validity of the assumptions on the initial state must be tested against observations in the end. Deviations from the Bunch-Davies state mean that the initial state is excited, i.e., there exist particles initially. In this case, the particles present initially can interact with each other at early times, leading possibly to the generation of non-Gaussianities on subhorizon scales. Therefore, assuming non-Bunch-Davies initial states would result in novel non-Gaussian signatures compared to the standard case of the Bunch-Davies initial state.
The nature of primordial perturbations from non-Bunch-Davies initial states has been explored so far in the literature . In particular, it has been found that the non-Gaussianity of the curvature perturbation at the squeezed and flattened configurations can be enhanced compared with those in the case of the Bunch-Davies state [7-10, 13, 16, 17, 20, 25, 31] . It is therefore natural to ask whether or not the non-Gaussianities associated with the tensor modes can be enhanced as well. There have already been several studies regarding tensor non-Gaussianities from non-Bunch-Davies initial states [26, 32] . To address this question in more detail, in this paper we investigate the auto-bispectra of tensor modes and the cross-bispectra involving one tensor and two scalar modes in more general gravity theory than in the previous literature.
One naively expects that higher-derivative interactions have more impacts on non-Gaussianities due to non-Bunch-Davies initial states. Generalizing the underlying gravity theory yields such higher-derivative interactions. As a framework including higher derivative interactions, we use an effective description of scalar-tensor gravity, writing down the operators composed of the geometrical quantities such as extrinsic and intrinsic curvature tensors [33, 34] . Based on this effective description, in the present paper we will estimate the size of tensor non-Gaussianities from non-Bunch-Davies initial states in general single-field inflation models. This paper is outlined as follows. In the next section, we consider general quadratic and cubic actions for tensor modes and introduce non-Bunch-Davies initial states from a Bogoliubov transform of the usual Bunch-Davies modes. In Sec. III, we calculate the auto-bispectrum of the tensor modes, and investigate whether the enhanced non-Gaussian amplitudes can be obtained or not. We then study in Sec. IV the cross-bispectrum involving one tensor and two scalar modes, and discuss how it can be enhanced compared with the case of the Bunch-Davies initial state. A summary of the present paper is given in Sec. V.
II. TENSOR MODES

A. General quadratic and cubic interactions
In the present paper, we investigate the properties of the tensor modes with non-Bunch-Davies initial states in order to see whether the tensor non-Gaussianities could be enhanced or not. Although we also study the crossbispectrum with the scalar modes briefly, here we only summarize the quadratic and cubic interactions of the tensor modes.
To derive the generic action for the tensor modes during inflation, it is convenient to employ the ADM decomposition with uniform inflaton hypersurfaces as constant time hypersurfaces and write down the possible operators composed of the extrinsic curvature tensor K ij and the intrinsic curvature tensor R 
where K is the trace of K ij . All these terms are present in general relativity. Then, one can consider the leadingorder corrections to Eq. (1):
One may anticipate that these corrections play a crucial role in the generation of non-Gaussianities. Therefore, in the present study, we consider the Lagrangian up to this order, and evaluate the contributions on the non-Gaussian amplitudes from these correction terms.
More specifically, we consider the following wide class of the ADM action,
where γ is the determinant of the spacial metric γ ij , N is the lapse function, and
with M i (t, N ) being a function having the dimension of mass. Here we have included the lower-order terms M 4 0 and M 3 1 K, though they do not contribute to the action for the tensor modes. Equation (4) is nothing but the socalled GLPV Lagrangian [33] , and it includes the Horndeski theory as a subclass. By introducing a Stückelberg field φ, one can restore the full 4D covariance.
The transverse and traceless tensor perturbations h ij on top of a spatially flat Friedmann-Lemaître-Robertson-Walker background are defined by
where
At the level of the background, we may always reparameterize the time coordinate so that we hereafter take N = 1 and write M i (t, N (t)) = M i (t). Since √ γ and the trace part K do not involve h ij , the terms such as M 4 0 , M 3 1 K, and M 2 2 K 2 in the Lagrangian do not contribute to the dynamics of the tensor perturbations.
Substituting the above metric into Eq. (4), the action for the tensor perturbations up to cubic order in h ij can be obtained as [35, 36] 
Here, a dot stands for differentiation with respect to t and H :=ȧ/a. The interaction Hamiltonian H int is introduced for later convenience. We assume that M T ∼ M Pl . The terms in the first line in Eq. (9) are present in general relativity, while the one in the second line is a new operator introduced as a result of the extension of general relativity with M 4 (t) = 0. For example, this operator is obtained from the so-called G 5 term in the Horndeski theory [36] . One might think that the third line in Eq. (4) could also lead to a new cubic operator, but it turns out that this can be integrated by parts to yield the same terms as in the first line in Eq. (9).
B. Non-Bunch-Davies initial states
We now move to the Fourier domain,
In the standard setup, one expands the quantized tensor modes as
where u k (t) is the Bunch-Davies mode function. The creation and annihilation operators satisfy
and the subscript s denoting two helicity modes takes s = ±. The polarization tensor, e ij , satisfies the transverse and traceless conditions, δ ij e (s)
We solve Eq. (16) under the assumption that M 2 T , c 2 h = const in the de Sitter background, H = const. Then, the Bunch-Davies mode function is obtained as
where H
3/2 is the Hankel function of the first kind of order 3/2. We write the state annihilated byâ
In this paper, we instead expandh ij as
where ψ 
The Bogoliubov coefficients are normalized as |α 
We write the state annihilated by b
Nonvanishing β (s) k coefficients indicate that the tensor modes get excited from the Bunch-Davies vacuum, a 
where δ 
C. Primordial power spectrum
The two-point correlation function is defined by
Using Eqs. (17)-(19), we obtain the power spectrum P h as
evaluated at the time of horizon crossing, c h k = aH. Its tilt is then derived as
are assumed to be small. To leading order in β (s)
This is a rather straightforward generalization of previous results, simultaneously taking into account the different effects on the spectral tilt: the time variation of the inflationary Hubble parameter, the speed of gravitational waves, and the effective Planck mass, as well as the kdependence of the Bogoliubov coefficients. Note that in principle the sign of each term in Eq. (30) is not constrained. In particular, a blue tensor spectrum can be obtained as a consequence of a time-dependent speed of gravitational waves [39] [40] [41] [42] [43] and/or k-dependent β (s) k [44] even if the null energy condition is preserved, ǫ > 0.
III. AUTO-BISPECTRUM
Let us now calculate the tensor three-point correlation functions with non-Bunch-Davies initial states. Since the cubic interaction (9) is composed of the two different contributions, i.e., the one present in general relativity and the new one beyond general relativity, we write the bispectrum as B s1s2s3
are originated from the former and the latter, respectively. The tensor bispectrum (evaluated at t = t f ) is defined by
with ξ s (t, k) :=h ij (t, k)e (s) * ij (k), and the three-point correlation function can be calculated using the in-in formalism as
Here, t i is some time when the perturbation modes are deep inside the horizon, and t f is the time at the end of inflation. In terms of the conformal time defined by dη := dt/a, we take η f = 0. As for the initial time, we do not simply take η 0 → −∞, but we keep it finite, η i = η 0 (< 0), where η 0 is associated with the cutoff scale M * as M * = k/a(η 0 ) ≃ (−kη 0 )H inf , because the physical momentum k/a is larger than M * for η < η 0 .
Before moving to an explicit calculation of the bispectrum (32), we comment on the crucial difference between the calculation with the Bunch-Davies state and that with non-Bunch-Davies initial states. This difference explains the reason why we keep η 0 finite. Formally, Eq. (32) includes an integral of the form:
where n = 1 for the standard cubic term with two spatial derivatives and n = 2 for theḣ ijḣjkḣki term.
In the case of the Bunch-Davies initial state in which there are only the positive-frequency modes participating in this integral, we havek = k t with k t := k 1 + k 2 + k 3 > 0, (34) and so
because the exponential function rapidly oscillates for |c hk η| ≫ 1. In contrast to this standard case, in the case of non-Bunch Davies states, we have both positive and negative frequency modes in the integral, leading tõ k = −k m + k m+1 + k m+2 with m being defined modulo 3. Note thatk exactly vanishes at the flattened configuration, k m = k m+1 + k m+2 . For this configuration, the exponential function no longer oscillates even for η ∼ η 0 , and thus the integral reads
which depends explicitly on η 0 . For the other configurations, the results of the integral are identical to Eq. (35) .
In this section, we therefore need to calculate the primordial bispectra in the two different cases separately, the non-flattened and flattened configurations. Let us define
which appears frequently in the following discussion.
A. Non-flattened configurations (k0 = 0)
We first focus on the non-flattened configurations, i.e., k 0 = 0. Assuming the de Sitter background and M T , c h , M 4 = const, the two contributions in the bispectrum (31) respectively read
wherẽ
and
These expressions are a generalization of Ref. [36] , and reproduce the previous results by taking the Bunch-Davies states (α 
where the ellipsis denotes permutations. Let us consider the squeezed configuration with k L := k 3 ≪ k S := k 1 = k 2 . In the squeezed limit, the expressions in the curly brackets in Eqs. (45) and (46) are written respectively as
These equations show that the effect of nonvanishing β (s) k could be enhanced and seen in the squeezed configuration. In particular, the generation of squeezed non-Gaussianity from theḣ ijḣjkḣki term is in contrast with the standard case of the Bunch-Davies state in which the bispectrum has a peak at the equilateral configuration [36] . 1 To see whether this enhancement effect is significant or not, let us take k S /k L ∼ 10 2 . The non-Bunch-Davies contributions in Eqs. (47) and (48) 10 4 ). Therefore, tensor squeezed non-Gaussianity could be generated from the non-Bunch-Davies initial states, depending on the parameters.
B. Flattened Configuration (k0 → 0)
So far we have assumed that k 0 = k 1 − k 2 − k 3 = 0. Let us now investigate the flattened configuration, k 0 ≃ 0, using Eq. (36) . In this case,B s1s2s3 (GR) andB s1s2s3 (new) in Eqs. (38) and (39) are given respectively bỹ
where we used k 0 ≪ k i , |c h k i η 0 | ≫ 1, and |c h k 0 η 0 | ≪ 1. In Ref. [32] , the flattened tensor non-Gaussianity has already been studied, but the interactions among the different polarization modes have not been considered.
Similarly to the non-flattened configurations, we express the resultant bispectra to first order in O(β
Now we see that the primordial bispectra always vanish at the exact flattened configurations, because F (s i , k i ) = 0 for k 0 = 0. This universal feature can be understood intuitively from the viewpoint of angular momentum conservation [45] . Although the expressions in the curly brackets could be enhanced by powers of k i η 0 , it would be difficult to obtain large flattened non-Gaussianities due to this universal factor. 2 This is in sharp contrast to the result of the similar analysis for the curvature perturbation. However, this is not the case for the crossinteraction, as shown in the next section.
IV. CROSS-BISPECTRUM
In this section, we consider a scalar-scalar-tensor bispectrum, rather than a tensor-tensor-tensor bispectrum, and explore the possibility of enhancing it with nontrivial initial states of the tensor modes. The cross-bispectrum we will consider is defined by
For the Lagrangian (4), the quadratic action for the curvature perturbation in the unitary gauge, ζ, takes the form [35] S (2) 
where we do not need the concrete expression for M S and c s in the present discussion. These are time-dependent functions in general, but in the inflationary universe we may assume that they are approximately constant. We assume that the Fourier component of the curvature perturbation,ζ(t, k), can be written as
is the Bunch-Davies mode function and the initial state is in a vacuum state annihilated by a k . By assuming this we focus on the effect of the excited tensor modes. It has been found that the generic action [Eqs.
(3) and (4)] introduces various cubic operators that are not present in the simple case where the inflaton is minimally coupled to gravity [46] . Among such operators it is sufficient to consider one representative term that is expected to be a dominant source of the non-Gaussianities in order to see whether the bispectrum can be enhanced or not. Naively, operators with many derivatives are important for the generation of non-Gaussianities on subhorizon scales, and thus we focus on the following interaction Hamiltonian:
where we assume that Λ c = const. This term is indeed present in the general Horndeski class of theories [47] .
Similarly to the auto-correlation function, the crosscorrelation function includes the integral
wherek
For the configuration satisfyingk c = 0, the crossbispectrum depends on η 0 and is enhanced by powers of k i η 0 due to the excited tensor modes. Note that this configuration depends on the propagation speeds. For given c s /c h (< 1), one has a one-parameter family of different shapes satisfyingk c = 0 away from the flattened configuration.
In the same way as the previous calculations, we derive the cross-bispectrum to first order in β 
where B s ζζh is the cross-bispectrum in the case of the Bunch-Davies initial state. This quantity is obtained in [47] as
From the above result we see that the non-Bunch-Davies contribution is of O(β (s) k c 4 s k 4 i η 4 0 ). In the actual observables, we anticipate that this non-Bunch-Davies enhancement will be softened by (at least) one power of |kη 0 | due to the angular averaging [7] . Let us therefore estimate roughly how large β (s) k (c s k i η 0 ) n could be. As argued in Appendix A, the Bogoliubov coefficients have an upper bound from the backreaction constraint, which depends on the cutoff scale. We also have |c s k i η 0 | c s M * /H inf . Combining these, we find (62)
Even for n = 2 the upper bound is typically larger than O(1). We thus conclude that initially excited tensor modes can leave a potentially observable imprint in the cross-bispectrum 3 .
V. SUMMARY
In the present paper, we have considered primordial tensor perturbations with non-Bunch-Davies initial states. Employing a general scalar-tensor theory, we have described non-minimal couplings between gravity and the inflaton.
First, we evaluated the size of tensor three-point functions and showed that the squeezed non-Gaussianities in particular from the newly introduced operator in nonminimally coupled theories can potentially be enhanced. In contrast to the case of the scalar three-point functions [7] , the tensor three-point function always vanishes at the flattened momentum triangles. This is as it should be, as can be seen from the momentum conservation argument [45] .
Next, we have studied the cross-bispectrum involving one tensor and two scalar modes. We have found that the enhancement due to the non-Bunch-Davies effect can be large at non-trivial triangle shapes. It whould therefore be interesting to investigate how such non-Gaussian signature is imprinted e.g. on CMB bispectra [48] , which we leave for further studies.
